Human dynamics and sociophysics suggest statistical models that may explain and provide us with better insight into social phenomena. Here we tackle the problem of determining the distribution of the population density of a social space over time by modelling the dynamics of agents entering and exiting the space as a birth-death process. We show that, for a simple agent-based model in which the probabilities of entering and exiting the space depends on the number of agents currently present in the space, the population density of the space follows a gamma distribution. We also provide empirical evidence supporting the validity of the model by applying it to a data set of occupancy traces of a common space in an office building.
Introduction
Recent interest in complex social systems, including social networks such as the world-wide-web, messaging and mobile phone networks [Est11, New18] , has led researchers to investigate the processes that could explain the dynamics of human behaviour within these networks. The study of human dynamics [FLL18, Yua18, LFL19] is not limited to the study of behaviour in communication networks, and has a broader remit similar to the aims of sociophysics [Gal08, SC14] (also formerly called social physics), which uses concepts and methods from statistical physics to investigate social phenomena such as opinion formation, voting behaviour and crowd dynamics [CFL09] . Social physics has a long history going back to the polymath Quetelet in the 19th century, who applied statistical laws to the study of human characteristics. For example, he derived the body mass index from the observation that body weight is approximately proportional to the square of body height [Ekn08] . The foundations of 20th century social physics may be attributed to Stewart [Ste50] , who introduced the concept of demographic gravitation, which applies gravitational potential theory to the geographic distribution of populations. Of particular interest to human dynamics and social physics are agent-based models [HG16, Mac16, Nam16] , which overcome theoretical complexity by providing a computational mechanism for the simulation of social dynamics. Simulation of agent-based models can demonstrate the emergence of complex social behavioural patterns at the macro level resulting from simple interactions of individual agents at the micro level of the social system [CFL09, Sor14] .
Monitoring and predicting occupancy in spaces is a well-known problem [SFHS19] , which has implications, for example, for optimising space usage [LPM + 17] , detecting crowded spaces [DMM15] , recognising social interaction [CMB + 18], and managing energy consumption [SAAM19] . Moreover, with the advent of wireless technologies such as WiFi, there is enhanced capability to scale up the process of monitoring human presence in environments such as universities [ELR18, MM18] . We provide additional detail in Section 2, where we give a brief overview of occupancy models in the context of building performance simulation [HL19] .
Viewing the problem of estimating occupancy presence as one of human dynamics, we tackle the related issue of determining the distribution of the population density of a social space (or simply a space) over time. We use the term social space to emphasise that the space allows interaction between its occupants, as opposed to single-occupancy spaces such as single person offices. Examples of social spaces are: commercial buildings, open-plan office spaces, seminar rooms, restaurants, or even open-air spaces such as beaches that are spatially well-defined and have a limited capacity. We model the dynamics of agents entering and exiting the social space as a birth-death process [All10, Ren11]; see Section 3. In the basic model described in Section 4, agents enter or exit the space with probabilities that depend on the current population in the space; we show that, for this model, the population density of the space follows a gamma distribution [JKB94] . To validate the basic model, simulation results are presented in Section 5. We provide two extensions of the basic model: the first, in Section 6, allows agents to exit the space for reasons other than the level of occupancy, and the second, in Section 7, allows for multiple types of agents. In Section 8, we provide a preliminary proof of concept for the model using a public data set [LPM + 17] of occupancy data from a commercial office space collected over a period of nine months. Finally, in Section 9, we give our concluding remarks.
A brief review of occupancy models
Before developing our model in the following sections, we briefly review occupancy models used in building performance simulation (BPS) [HL19] . One of the main goals of BPS is to model various aspects of a building, including occupant presence, weather conditions and energy usage, with the intention of optimising energy efficiency throughout the building. On the one hand, occupancy can be predicted from environmental variables [CF16] such as temperature and sound, some of which are sources of energy, and on the other hand occupancy modelling can lead to better energy management [ECC14] . As a model is a simplification of reality, it is important to validate the model through simulations of real-life scenarios, using the simulation results to improve the model, whilst keeping the model as simple as possible.
We will focus on only one aspect of BPS, namely that of modelling the occupancy patterns in a building [DGGO19] . Here we are particularly interested in social spaces, where occupant interaction takes place, rather than single-occupancy spaces, where the concern is whether the occupant is present or absent from the space. Single-occupancy spaces can be modelled as Bernoulli random variables [JKK05] , whereas modelling occupancy presence in social spaces, such as open-plan office spaces, involves more general statistical distributions of the population density of occupants. In general terms, when individuals are independent agents, Bernoulli random variables can be used to gauge the occupancy status of the building or a space therein [YOH + 15], for example, monitoring whether the space is empty or not. Occupancy models measure various quantities, key properties being: occupancy levels, presence and arrival/departure times. Haldi [Hal13] proposed a probabilistic model, based on generalised linear mixed models [Fox16] , for predicting occupants' interactions with building components, in particular, actions on window openings and shading devices. The method allows for the representation of the diversity of individual behavioural profiles with a statistical distribution that describes individual interactions with the environment, allowing the inference of occupancy events such as arrival or departure. Feng et al. [FYH15] differentiate between four levels of occupancy, which vary in time: (i) the numbers of occupants in a building, (ii) the occupancy status of a space, (iii) the number of occupants in a space, and (iv) the space location of an occupant. They integrate levels (ii), (iii) and (iv) into a software simulation tool to capture these occupancy levels. Mahdavi and Tahmasebi [MT15] empirically tested the predictions of occupancy profiles for several occupancy models and found the predictions to be rather low. However, a model returning an aggregated profile of presence probability performed best, where presence was predicted when the probability was above a specified threshold.
Agent-based models simulate human behaviours with software agents that encode the behaviours of the systems being studied [HG16] . Computer simulation of the resulting agent-based model can then be used to generate behavioural traces of occupants, which can be aggregated to form occupancy patterns of the space being modelled. Liao et al. [LLB12] made use of agent-based modelling to extend the stochastic model of Page et al. [PRMS08] to an arbitrary number of occupants and zones within a building. They also proposed a graphical model [KF09] with reduced complexity, which is shown to have comparable predictive accuracy to the agentbased model in describing the mean occupancy in the building. Chen et al. [CHL18] present an agent-based Occupancy Simulator that captures individual profiles of stochastic behaviours. The simulator is able to perform a detailed stochastic simulation of occupants' presence and movement within a building by integrating several existing stochastic occupancy models, in particular, those of Wang et al. [WYJ11] and Reinhart [Rei04] . Luo et al. [LLCH17] provided an evaluation of the Occupancy Simulator for a real-world occupancy data set, and showed that the simulator can accurately reproduce a wide variety of occupancy patterns.
The model we present herein is agent-based and is formalised as a birth-death stochastic process, where birth corresponds to arrival and death to departure; see Sections 3 and 4. The only occupancy model we are aware of that borrows directly from birth-death processes is that of Jia and Spanos [JS17] , where occupancy is modelled as an infinite-server with time-varying arrival and departure rates; we note that many queue types, such as the infinite-server queue used in [JS17] , can be modelled as birth-death processes [STGH18] . Here we concentrate on providing a statistical estimate of the number of occupants in a social space, with the aid of an agent-based stochastic occupancy model that generates a distribution capturing the density of the population in the space. Our formalism allows us to derive the equilibrium density in the space when the occupancy level is in a steady state [All10, Ren11] . Thus our model complements previous stochastic models in BPS and could potentially be integrated into an existing agent-based simulation tool.
More recently, several machine learning algorithms have been developed for occupancy detection and prediction [SFHS19] . In particular, applying neural networks [Agg18] seems promising, as in [CZZ + 17], where deep neural networks are deployed to identify the level of occupancy as zero, low, medium or high.
Finally, we note that in terms of the hardware employed for occupancy detection, as well as commonly used sensor technologies [CMB + 18, SAAM19], wireless technologies, such as WiFi, can also be used [DMM15, ELR18, MM18].
Stochastic Differential Equations and Birth-Death Processes
Here we present some background to the methods we use to tackle the occupancy density problem for social spaces. In particular, we present the Ornstein-Uhlenbeck process; this takes the form of a mean-reverting stochastic differential equation (SDE) [Gul12, HN14] that leads to stationary distributions [BSM05] , including the class of Pearson diffusions [FS08] . We also give the necessary background on birth-death stochastic processes and their description by SDEs [All10, Ren11] .
An Ornstein-Uhlenbeck process is described by an SDE that takes the form
where X t is a random variable and t is a positive real parameter that denotes time. The positive constant θ is the rate parameter, m is the mean of the underlying stochastic process, σ(·) is the diffusion function, and W t is a Wiener process (also known as Brownian motion); the term −θ(X t −m) is known as the drift of the process.
The equilibrium density f (x) of the SDE (1) is given by
for some positive constant κ 0 [BSM05] .
For a birth-death process, let X t represent the population size at time t, λ(X t ) denote the birth rate and µ(X t ) denote the death rate. Then, the SDE corresponding to the birth-death process [All10, GB15] , is given by
(3)
Model Assumptions and Solution
In the scenarios we investigate, we assume a single social space with fixed capacity. Agents enter and exit the space according to the birth-death process described below. Entering the space, i.e. arrival, corresponds to birth and exiting the space, i.e. departure, corresponds to death. In this and the following two sections, we assume that all agents are of the same type.
Let the capacity of the social space in question be C, and the population in the space at time t be X t . We make use of two positive parameters α and β, where β ≥ α > 0, corresponding respectively to the preferences that agents may have regarding entering and exiting the space. The birth rate, given in (4) below, is proportional to the fraction of the capacity currently unfilled, while the death rate, given in (5) below, is proportional to the fraction of the capacity currently filled.
In many cases, individual behaviour is governed by time, for example, when arriving at work in the morning and departing in the late afternoon. Indeed, time is one of the most important factors affecting arrival and departure rates. Goldstein et al. [GTK10] , however, argued that multiple factors affect occupants' behavioural patterns; examples of such factors are: the time of day, the occupancy pattern of the space, and the indoor and outdoor weather conditions [ZB12] . Here we make a case for the occupancy level, specified as a fraction of the capacity of the space, to be considered as another important factor affecting occupants' behaviour. Now, assuming that people do not all arrive at work at exactly the same time, the rate of arrival goes down as more people occupy the space. At some stage, when most of the people are at work, a steady state is attained, i.e. the population in the space stabilises; the tendency over time of the population density to reach an equilibrium is formally shown below in the derivation of the model. Considering this example further, departures from the space, when people leave work, does not strictly follow our model, as peoples' tendency to leave work increases towards the end of the day, independently of the number of people in the space. However, we show in Section 6 that it is possible to model departures from a social space for reasons other than the degree of crowdedness of the space by introducing an emigration constant into the birth-death model [All10, GB15] ; see Section 8 for more discussion on this with respect to a real-world occupancy data set. Nevertheless, there are many natural scenarios in which the rate of leaving a space is proportional to its current occupancy. In general, it is fair to say that, when a space is crowded, people's tendency to leave the space is proportional to how crowded the space is; for example, consider a crowded bar or a public space such as a beach. (We note that there is a symmetry between arrivals and departures, even though the rates may differ.)
Continuing the formalisation of the model, when the population in the space is X,
and
We note that the above two functions are linear in X.
Subtracting (5) from (4) gives
and adding them gives
Substituting these into (3), we see that we need to solve (1) where
Letting δ = β −α, we obtain
Now, from (2), we deduce that the equilibrium density is given by
In the special case when δ = 0, we have
for some positive constant κ 1 . On evaluating the integral, we obtain
Rearranging (15) gives
for some positive constant κ 2 , i.e., a normal density function with mean C 2 and variance C 4 . For the general case of (13), where δ > 0, we obtain
for some positive constant κ 3 . This solution is only valid if δx+αC > 0, otherwise the value of f (x) is generally complex and is unbounded. For this reason, we have assumed that β ≥ α (i.e. the death parameter is greater than the birth parameter).
A gamma distribution [JKB94] has probability density function
where Γ is the gamma function [AS72, 6.1]; τ > 0 is the shape of the distribution, φ > 0 is the rate, and ν is the location parameter. The mean of the gamma distribution is τ φ + ν and its variance is τ φ 2 . For large shape parameter τ , the gamma distribution with shape τ is close to a normal distribution with the same mean and variance [Das10, Section 10.5].
If can be seen that f (x) in (17) is a gamma density function, and it is straightforward to show that the mean and variance tend to C 2 and C 4 , respectively, as δ tends to 0. For simplicity in the computations that follow, we assume that δ = 1; we also set ρ = αC. In this case, equation (17) reduces to
for some positive constant κ 4 . In this case, the parameters in (18) are τ = 4α(ρ+C), φ = 4α+2, and ν = −ρ. From these parameters, we derive the mean and variance of the model as, respectively,
We observe that to formally deal with the lower and upper boundaries, 0 and C, we could incorporate reflecting barriers [WG03b, Har13] , resulting in a truncated gamma density as the equilibrium distribution. In the special case when α = β, or for large τ , the resulting distribution is, or approaches, a truncated normal density [CCS13, Tho18] ; see [WG03a, Pen15] for a similar result in the context of single server queues with abandonment.
Simulations of the Basic Model
We can simulate the stochastic process corresponding to (3) using the Euler-Maruyama method [Sau13] , which is a general computational method for obtaining approximate numerical solutions to SDEs. We will also make use of the Jensen-Shannon divergence (JSD) [ES03] as a goodness-of-fit measure [LK19] . All computations were carried out using the Matlab software package.
The results of a typical simulation run of the process, using the Euler-Maruyama method to generate the sequence X 1 ,X 2 ,...,X T for T = 10 6 , are summarised in Table 1 ; several repeated simulations produced very similar results. The parameters used were C = 100, δ = 1 and α ranging from 0.05 to 0.95 in steps of 0.05. For completeness purposes, the bottom row in the table shows the results for δ = 0, i.e., when α = β = 1. We fitted first normal and then gamma distributions to the sequence of values of X t obtained from the simulations for each value of α, using the maximum likelihood method. The means and standard deviations of the fitted distributions are shown in Table 1 as µ N and σ N for the normal distribution (N ), and µ Γ and σ Γ for the gamma distribution (Γ). The JSD values show a very good fit of both the computed normal and gamma distributions to the sequence (X t ) generated by the simulations. As expected, the fit to the normal distribution gets better as α gets closer to β, since τ increases more than linearly with α. The last row, of course, shows an exceptionally good fit, as predicted by (16). The last two columns, headed µ M and σ M , show the mean and standard deviation of the distribution predicted by the model (M) as given in (20), or (16) for the special case when α = β. It can be seen from Table 1 that these values are close to those of the fitted normal and gamma distributions. 
An Extension to Allow Emigration
Here we extend the death rate to allow emigration [All10, GB15] , in order to model the situation when an agent may leave the social space for reasons other than the space being crowded; for example, if the agent has fulfilled a certain task or a certain time has elapsed.
We modify (5) to
where γ is some non-negative emigration constant.
Following the derivation of (13) in Section 4, but now using (21) instead of (5), we get
for some positive constant κ 0 .
Corresponding to (17), on evaluating the integral in (22), we obtain
for some positive constant κ 5 .
If we again assume that δ = 1 and now setρ = (α + γ)C then, corresponding to (19) , this reduces to
for some positive constant κ 6 ; thus f (x) is a gamma density function with shape τ = 4α(ρ+C), rate φ = 4α+2, and location ν = −ρ.
We note that a similar extension to the birth rate, where an agent may enter the space for reasons other than it being sparsely populated, would allow us to incorporate immigration into the model [All10, GB15] .
An Extension to Allow Multiple Types of Agents
We now provide a restricted extension of the model presented in Section 4 to multiple types of agents. We concentrate on a special solvable case for two or more types of agents, which reduces to the one-dimensional case solved in Section 4. For simplicity, we assume that there are just two types of agents, and that in the social space there are X 1 agents of type one and X 2 of type two.
In order for the model to be solvable, we make the assumption that the birth and death rates depend only on X, the total number of agents in the space, where X = X 1 +X 2 . The reasoning behind this assumption is that, when an agent, say of type one, is contemplating entering the space (i.e., a birth event), it does not need to consider how many of the X agents already in the space are of type one, since all that concerns the agent is whether, from its point of view, the space has sufficient extra capacity; this depends solely on X and not on its breakdown into X 1 and X 2 . Similarly, when an agent of type one is contemplating exiting the space (i.e., a death event), it only needs to consider the overall occupancy of the space. That is, the only consideration of an agent is the objective perception of how crowded the space is.
For two agent types having λ 1 (·) and λ 2 (·) as their birth rates, we have λ(X) = λ 1 (X)+λ 2 (X) = (α 1 +α 2 ) 1− X C ,
where α 1 and α 2 are the preferences of the two agents types regarding entering the space. Similarly, if the death rates are µ 1 (·) and µ 2 (·), we have
where β 1 and β 2 are the preferences of the two agents types regarding exiting the space. The solution of the space density problem is now given by (17) with α = α 1 +α 2 and β = β 1 +β 2 .
An Application to Occupancy of Office Space
There is a growing literature on measuring occupancy and usage in buildings [SFHS19] , as reviewed in Section 2. Simulation of occupancy patterns via stochastic [CXS15, FYH15] and agent-based models [LLB12, LLCH17] provides the foundation for developing tools that measure physical properties of a building, including energy performance and the interaction of occupants with the environment. Occupancy, i.e. the distribution of the number of people in the building over time, is an important aspect of occupants' behaviour and can be modelled through simulation, thereby informing prospective optimisation of the building's performance.
It is desirable to validate occupancy models on real-world data sets. Unfortunately, at the time of writing, there is a general lack of publicly available occupancy data sets that would allow us to test our model. However, Liu et al. [LPM + 17] , who collected occupancy data from a commercial office space during 181 days over a period of nine months, have made their data set available, enabling us to present a preliminary proof of concept of our model. In particular, we make use of the occupancy patterns of the common office space derived from this data set, since our objective is to estimate the population density of the space. In Figure 1 , we show a time series for the occupancy of this space during a typical weekday, where people start arriving at about 8:00 and the last person normally leaves before 20:00. Occupancy measurements were taken regularly every few minutes during the day to capture arrival and departure events as they occurred. In this context, it is interesting to mention that Ahn and Park [AP19] demonstrated that varying the sampling interval between 5 and 60 minutes does not significantly affect prediction of the number of occupants in a space. We further note that this data set only records net occupancy since, if both an arrival and a departure occurred within the interval of measurement, the net effect is that the number of occupants in the space remains the same. This can be viewed as a limitation of our case study, since the estimated birth and death rates will be underestimates of the true rates; we note that the smaller the interval of measurement the less likely this problem is to occur. As can be seen in Figure 1 , a typical daily time series has three phases. During the first phase, people arrive at the office. During the second phase, most of the employees are already in the office and the number of arrivals and departures is fairly balanced -for example, people take breaks or have meetings outside the office, but overall the number of occupants is relatively constant. Finally, during the third phase, people leave the office after a day's work.
Looking at the three phases from the perspective of our model, the first phase is generally modelled by an arrival process, since the space is initially empty. In the second, steady-state phase, we may consider the density of occupancy to be close to equilibrium, with fairly balanced numbers of arrivals and departures. The final third phase is dominated by departures from the space.
In the subsequent analysis, we have set the capacity C to be 54 (which was the maximum occupancy over the 181 day period), and we have assumed for simplicity that we have only one type of agent with no emigration and that α = β = 1. Recalling from the discussion at the end of Section 4 that, in this case, the limiting equilibrium distribution is a truncated normal, it is reasonable to assume that, during the second phase, the occupancy is between 14 and 28, where 14 is the average minimum occupancy of the space over the 181 days period and 28 is the average maximum occupancy. In this case, the fitted normal distribution truncated below at 14 and above at 28 has a mean of 20.72 and a variance of 10.80; the JSD of the fitted normal distribution is 0.026, which implies a good fit. We note that the ratio of mean to variance is close to 2, as predicted by the model according to (16) . Although the model predicts the mean to be C 2 , i.e., 27, we observe that only on 10 days was the occupancy more than twice the predicted mean, which suggests that setting C to be 54 is an overestimate vis-a-vis the model. A possible explanation for the low value of the mean is that on a number of days (for example, around the Christmas/New Year period) the occupancy is particularly low.
In order to differentiate the three phases, we employed the Matlab package, Shape Language Modelling (SLM) [D'E17], which implements piecewise linear regression [MC01] . In particular, we stipulated four knots (also known as breakpoints) allowing for free placement of the two interior knots, which specify the beginning and end of the second phase. For example, for the typical day shown in Figure 1 , the output from SLM is depicted in Figure 2 . The first phase occurs between steps 1 (knot 1) and 67 (knot 2), the second phase occurs between steps 68 (knot 2) and 217 (knot 3), and the third phase occurs between steps 218 (knot 3) and 257 (knot 4), the final time step of the day. To validate the model, for each occupancy number (i.e. number of occupants) from 1 to the maximum possible occupancy 54, we compute estimates from the data of the birth and death rates over the 181 days. In each case the data was smoothed with a moving average over a centred sliding window of length 25. We then used linear regressions to fit the data to the model, according to (4) and (5). Goodness of fit for the linear regressions was measured by the coefficient of determination R 2 [Mot95] , with values close to one indicating very good fits. The arrival and departure rates were normalised to add up to one, since we have assumed that α = β = 1; see (7). The computations were carried out as follows:
(i) We compute just the empirical birth rate for the first phase, as we do not expect the death rate during the first phase to follow a linear trend with respect to occupancy; see Figure 3 for the resulting linear regression, where R 2 = 0.9417. We note that arrival rates approximately follow a linear downwards trend, in accordance with the model as in (4).
(ii) We compute the empirical birth and death rates for the second phase; see Figure 4 for the resulting linear regressions, where both have R 2 = 0.9681. Since, in the second phase, both arrival and departure rates were taken into consideration in the normalisation, and thus for each occupancy the arrival and departure rates add up to one, there is a symmetry between arrivals and departures, which is evident in the figure.
(iii) We compute just the empirical death rate for the third phase, as we do not expect the birth rate to follow a linear trend during the third phase; see Figure 5 for the resulting piecewise linear regression, where R 2 = 0.9942. We note that the departure rates are approximately piecewise linear following two linear trends: the left-hand linear trend in Figure 5 is slightly upwards until the knot at occupancy number 32, and that to the right is a downwards trend. To better understand Figure 5 , it is helpful to inspect it from right to left, which corresponds to the temporal sequence as people leave the space until it becomes empty. During the linear trend on the right, the departure rate increases as the occupancy decreases, which is not in accordance with the model as in (5). An obvious reason for this is that the imperative to leave the office increases towards the end of the day. During the linear trend on the left, which is slightly increasing, the departure rate is consistently high as its gets close to the end of the day.
Concluding Remarks
We have provided a solution to the human dynamics problem of computing the population density of a social space, where agents enter and exit the space taking into account the proportion of the space currently occupied. As we have stressed throughout, estimating occupancy levels is one of the important tasks of building performance simulation.
We have proposed a model employing a birth-death process and shown that its solution follows a gamma distribution. We extended the basic model to allow emigration and a special case of multiple types of agents. We have validated the model using simulated data, and have given a proof of concept using a real-world data set of occupancy traces from a commercial office building. It would be desirable to further validate the model and study how it may be applied to various occupancy scenarios, in addition to the typical workplace schedule as shown in Figure 1 . However, this will necessitate obtaining access to additional suitable data sets.
